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Abstract We find a (CF)-mapping of the integral functional of locally Lipschitz
functions f; parametrized by ¢ € T. In the process of obtaining a (CF)-mapping,
the hypothesis of upper semicontinuity of the set-valued map ¢ — Cy,(x) is needed,
where Cy,(x) denotes a convexificator of f; at x. As a corollary of our result, we get
(CF)-mappings which are obtained by Clarke subdifferentials and Michel-Penot sub-
differentials, respectively. Finally, the examples specifically deriving a convexificator
of the integral functional are provided.
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1 Introduction and preliminaries

The development of generalized subdifferential, namely convexificator in nonsmooth
analysis provides sharp extremality conditions and good calculus rules for nonsmooth
functions. The idea of convexificators has been used to extend, unify and sharpen
various results in nonsmooth analysis and optimization.

In this paper, we find convexificators of the integral functional of locally Lips-
chitz functions. As a corollary of our result, we give convexificators of the integral
functional, which are obtained by Clarke subdifferentials and Michel-Penot subdiffer-
entials, respectively.
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Let the function f: 2 — R be locally Lipschitz on an open set 2 C R”. Then its
upper and lower Dini directional derivatives

fx,d) = lim supw
A0 A

and

f&x+2d) — f(x)

Y(x,d) = lim inf
Y@, d) im in .

are also Lipschitz as functions of the direction d.
The upper and lower Clarke directional derivatives are defined as follows (see

[2.5]):
&+ ad) — f(x)

fCTl(x, d) = lim sup . (1)
S
and
/ )\'d _ /
£y dy = liming [ FAD ZTC) x) L2% )

240

Since f is locally Lipschitz, the limits in (1) and (2) exist and are finite, and the following
properties hold:

chl(x,d): max (v,d)

V€8C[f(x)
and
1 .
x,d) = min (w,d),
[, d) weajf(x)< )
where

deif ) = co{v e R" | Axi}: x; — x, x; € T(f), f'(x;) — v}

and T(f) is the set of points of  where f is differentiable. The set 9.f(x), called
Clarke subdifferential of f at x, is a nonempty, convex and compact set. We note that
the relation that the Clarke subdifferential satisfies is usually known as the strong
convexificator condition.

Michel and Penot proposed the following generalized derivatives (see [6]):

fhp(e,d) = sup limsupf(x—H”(d*'q»_f(x'f‘)»q) )
v geR" | 240 A
and
ot = nt [/ AT D S o

We call (3) and (4) the upper and lower Michel-Penot directional derivative of f at x
in the direction d, respectively. Since f is locally Lipschitz, there exists a nonempty,
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convex and weak*-compact set 9,y f (x), called Michel-Penot subdifferential of f at x,
and the following properties hold:

D (e, d) = d
Fmp (x, d) veg;ﬁ}c(x) (v, d)

and

Lo, d) = mi dy.
Forp (X, d) weg;lpl}(x) (w,d)
Let h: R" — R be a positively homogeneous function of degree 1. Demyanov

introduced the concept of convexificator (see [3]). A convex compact set C C R is a
convexificator (CF) of h if

min (w,d) < h(d) < max (v,d), VdeR".
weC veC

We get

i ) < froud) < fHed ,d).
min (w,d) < fr(x,d) < f'(x )Sve%:.,aﬁn(V )

Hence, the Clarke subdifferential of f at x is a convexificator of both functions
hd) =f'x.d)  and hd =f*xd).
Also we have

i ) < frd) < fhxd) < ,d).
poipin, w,d) = f*(x,d) = f'(x )_Verar:j}((x) (v, d)
Thus, the Michel-Penot subdifferential of f at x is also a convexificator of both func-
tions

h(d) =f'(x,dy and h(d) = f*(x,d).

We call a convexificator C*(x) (C~(x)) of the function h(d) = f1(x,d) (f*(x,d)) an
upper (lower) convexificator of f at x. If C(x) is a convexificator of both functions
ft(x,d) and fY(x,d), we say that C(x) is a convexificator of f at x. If a function f
is quasidifferentiable at a point x, we can construct a convexificator and study the
directional derivative by means of this convexificator. Also we can get the condition
for an extremum by convexificator (see [4]).

Now we define a (CF)-mapping for a locally Lipschitz function, introduced by
Demyanov and Jeyakumar ([4]). A mapping Ct (C™): @ — 2% is an upper (lower)
(CF)-mapping of f on  if for every x € Q the upper (lower) convexificator C*(x)
(C~ (%)) satisfies the following inequalities

min  (w,d) < fT(x,d) < max (v,d), VdeR"
veCt(x)

weCt(x)

( min  (w,d) < f¥(x,d) < max (v,d) vd € ]R”).
weC—(x) veC~(x)
A mapping C: Q — 2% is called a (CF)-mapping of f if for every x € Q the convex-
ificator C(x) satisfies the inequalities
min (w,d) < f¥(x,d) < fT(x,d) < max (v,d), VdeR"
weC(x) veC(x)
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Finally, we need the following preliminaries for the proof of our main result. Let
I': T — 2% be a set-valued map, where T C R. We define I" to be upper semicontin-
uous att € T if given ¢ > 0, there is a § > 0 such that for all / in 7 with |t — ¢| < § we
have

') cTr()+eB,

where B is the open unit ball in R”. We assume that (7,7, ) is a measure space,
where T C R, 7 is the o-algebra of Borel sets C T, u is a measure on (7', 7) (which is
not necessarily the Lebesgue measure), and that f; and g are measurable real-valued
functions on 7. Then we have

Theorem 1 (See 12, p93 from [7]). Let g be an integrable function on T, and assume
that {f;} is a sequence of measurable functions such that |f;(x)| < g(x) on T. Then we
have

/lim_inff,- < lim_inf/f,- < lim sup/f,- < /lim sup fi.
L L i i
T T

T T

2 Main result

Let f;: @ — R be a family of Lipschitz functions of rank k(f), where t € T C R and
is an open set C R”. We assume that the map ¢ — f;(x) is measurable for each x in €,
and that k is in the space L!(T,R) of integrable functions from T to R.

Lemma 1l The maps t — ff (x,d) and t — ﬁ (x,d) are measurable for each (x,d) €
Q x R,

Proof Since f; is continuous on €2, we can choose a sequence %; | 0 such that ftT (x,d)
is the lim sup of

Jr(x + Aid) — fi(x)
Ai '

©)

But (5) defines a measurable function of ¢ because the map ¢ > f;(x) is measurable
for each x in Q. Hence f,T (x,d), as the countable lim sup of measurable functions of ¢,

is measurable in ¢. Similarly, f,i (x,d), as the countable lim inf of measurable functions
of ¢, is measurable in ¢. O

We define the integral functional f : @ — R by

fx) = /ﬁ(X)u( dr)
T

and assume that f is well-defined at some point xg in Q. Then we have the following
lemma.

Lemma 2 f is well-defined and Lipschitz of rank K on Q, where K = [ k(t)p(dt).
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Proof Let x be any point in Q. Then, since the map ¢ — f;(x) is measurable, we have

If () = f(xo)| = /Ift(X)—ft(XO)IM(dt)
T

f/umu—mwmo
T

= K|lx — xoll.
Hence, f is well-defined and Lipschitz of rank K on €. O

Theorem 2 Let Cr,(x) C [[,[—k(®), k()] be a convexificator of f; at x, where k is in

LY(T,R). Assume that the set-valued map t — Cy,(x) is upper semicontinuous on T.
Then

Cr(x) = @/ Cr, () (dn)
T

is a convexificator of f at x and the set-valued map x — Cy(x) is a (CF)-mapping of f,
where co denotes the closed convex hull.

Remark 1 We interpret f 7 Cr, () (dr) as follows:

To every v in fT Cy,(x)ju(dr), there corresponds a mapping ¢ +— v, from T to Cy,(x)
such that the function ¢ — (v, d) belongs to LY(T,R) and

mm=/m¢mw> (6)

T

for each d in R”. That is, every v in fT Cr,(x)u(dt) is an element of R” that can be
written as (6), where the map ¢ — v; is a measurable selection of Cy, (x).

Remark 2 We note that fT Cr,(x)i(dr) is bounded in R", because for every v in
f 7 Cr, (x)(dp), the following inequalities hold:

I(v,d)] E/I(Vt,dﬂu(dt)
T

sﬁ/wmmww
T

= VnK|d|.

Remark 3 The assumption of the upper semicontinuity of the set-valued map ¢ +—
Cf,(x) guarantees the measurability of the functions

t— max (vi,d), t— min (w;,d), 7
vieCy, (x) wieCy, (x) @)

because the upper semicontinuity of ¢ > Cy,(x) implies that the functions (7) are
upper and lower semicontinuous on 7, respectively, and thus measurable on 7.
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Proof Let d be any element of R”. Then [ ftT (x,d)u(dt) and [} f[l (x, d)u(dr) are
well-defined by Lemma 1. We assert that

/ frogdyudn < fragd) < fxd) < / £l o, dyp(dr). (8)
T T

To prove our assertion (8), we choose sequences «; | 0 and 8; | 0 such that

fT(X,d) = limsupw

;|0 o
and
lim inf w — fi (x,d),
Bil0 Bi

respectively, which is possible since f is continuous on by Lemma 2. Then, by the
definition of f, we have

(x+ o d) - fi(®)

feed) = lim sup / I (dr) )
and
linil li(r)lf / wu(dn = f4(x,d). (10)
Since f; is Lipschitz of rank k(z), it follows that
fite+ a,:i) —fi@)| - |fil+ ﬂiﬂdi) —5O| _ i k.

Therefore, by using the hypothesis that & is in L!(T,R), and twice applying Theorem
1 in Preliminaries, we get the following inequalities:

Jim sup / wu(dnf / limsup KEFAD =S 4y )

;|0 ;|0 o

and

/ Jim inf LETHD = [ @) 4y - i inf / w pdn. (12)
Bil0 Bi
Also, by the definition of ftT and fti, the following inequalities hold:
[1imsupPEEED IOy < [ 4t (13)
;)0 i T

and

Jilx + Bid) _f’(x)u(dt). (14)

T/ £, dyuddn < / li%}j(r)lf 5

T
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Hence, combining (14), (12), (10), (9), (11) and (13), we obtain

/ fregdydn < frud) < f(xd) < / £l e, dyp(dn
T T

and thus our assertion (8) follows.
Now, since Cy,(x) is compact for each ¢ and the set-valued map ¢ — Cf,(x) is upper
semicontinuous on 7T, the functions
t— max (vi,d) and t+— min (w;d)
vieCy, (x) wieCy, (x)
are upper and lower semicontinuous as functions of #, respectively, and hence mea-
surable on T. Thus, by the definition of the convexificator Cy,(x), it follows that

/ £l e dyudn < / max (v, d) pu(d) (15)
VtECfl(X)
T
and
[ min udiucan < [ g edncan. (16)
wteCf[(x) .

Also, by the compactness of Cy,(x) and the definition of Cr(x), the following inequal-
ities hold:

d dr) < d 17
o (ve, d) u( )—v?c%> (v, d) (17)
and
i d) < i d dr). 18
Wénagx) (w,d) < w,glclél(x) (W, d) u(dp) (18)
T

Therefore, combining (18), (16), (8), (15) and (17), we conclude that

i d) < Yo, d) < 1 x,d) < d).
ngclj;}x)(w, ) < fr(x,d) < fl(x, )_vglcz;é)m )

Hence Cy(x) is a convexificator of f at x and the set-valued map x — Cy(x) is a

(CF)-mapping of f as required. ]

The following corollary gives convexificators of the integral functional, which are
obtained by Clarke subdifferentials and Michel-Penot subdifferentials, respectively.
Corollary 1

(a) Let 8¢f;(x) C [1,,[—k(®), k()] be a convexificator of f; at x, where k is in LY(T,R).
Assume that the set-valued map t — 9.f;(x) is upper semicontinuous on T. Then

Cr) = o / deify O (d)

T

is a convexificator of f at x and the set-valued-map x — Cy(x) is a (CF)-mapping
of f.
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(b) Let dpfi(x) C [1,[—k(®,k(®)] be a convexificator, and t — dupfi(x) be upper
semicontinuous. Then the same result as (a) holds except using 0, f;(x) instead of

aclft ().

Remark 4 The inclusion relation of the Clarke subdifferential of f to the integral of
the Clarke subdifferential of each f; is given in [2]. Also, the similar result for the
Michel-Penot subdifferential holds in [1]. Our proposed integrated convexificator for
f in Theorem 2 can be strictly contained in the Clarke subdifferential of f (see Exam-
ples 1 and 2 below). On the other hand, we note that the Michel-Penot subdifferential
is in general only weak*-compact.

In the following examples, we specifically derive a convexificator of the integral
functional.

Example 1 Let u be the Borel measure on 7' = [1, 00). We define

1
fi(x1,x2) = ) {Ix1] = |x2l}.

11 1 1
e =co| () ()]

and k(t) = %, then Cf,(0) C [To[—k(®), k()] is a convexificator of f; at 0, k is in
LY(T,R), and the set-valued map ¢ — Cy,(0) is upper semicontinuous on 7', and hence
the hypotheses of Theorem 2 are satisfied. Therefore

If we set

65./)C%«DM@#)=cv{Gq1L(—1w—D}
[1,00)

is a convexificator of f at 0, where f(x1,x2) = |x1| — |x2]. We note that the Clarke
subdifferential of the integral functional f at 0 is

co {(1a 1), (1’ _1)7 (_1a 1), (_17 _1)} .
Example 2 Let 1 be the counting measure on 7' = (0, 00). We define

1
st il —Ix2l},  r€N,

fi(x1,x2) z[
0, te T\N.

If we set

co{(z}j,%),(—zt%l,—z%l)}, t € Nand #: odd,
Cr,(0) = co{( L1 ),(—i %)}, t e Nand t: even,

2i=1>" =1 21—12 71—1
{(0,0)}, te T\N.
and
V2
k() =] 21 teN,
0, te T\N,
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then Cf(0) C [[,[—k(®), k()] is a convexificator of f; at 0, k is in LY(T,R), and the
set-valued map t — Cy,(0) is upper semicontinuous on 7, and hence the hypotheses
of Theorem 2 are satisfied. Therefore

__ 2 2 2 2
co / Cﬁ(O)/L(dt) :CO‘(Z, g),(5,2),(—5,—2),(—2,—5)]
0

,00)

is a convexificator of f at 0, where f(x1,x2) = 2|x1| — 2|x2|. We note that the Clarke
subdifferential of the integral functional f at 0 is

c0{(2,2),(2,-2),(-2,2),(—2,-2)}.

Remark 5 The convexificators of the integral functional f at 0 obtained in Examples
1 and 2 are strictly contained in the Clarke subdifferentials of f. This shows that cer-
tain results, such as mean value conditions and necessary optimality conditions that
are expressed in terms of the proposed integrated convexificator, may provide sharp
conditions.
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